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Introduction
The mech a nism of bread and pasta bak ing is com plex, in which a chain of physi cal, chem i cal and bio chem i cal changes oc curs in the prod ucts. These changes are es sentially the re sult of si mul ta neous heat and mass trans fer (SHMT) within the prod ucts. So tem per a ture and mois ture con tent are dom i nat ing fac tors over these changes. Dur ing the bak ing of bread, in the dough, heat and wa ter trans port oc curs mainly through the com bina tion of con duc tion to the dough, con vec tion from the sur round ing hot air, ra di a tion from the oven walls to the prod uct sur faces, as well as evap o ra tion of wa ter and con densing steam in the gas cells of the dough. Since dough is a poor con duc tor of heat that lim its heat trans fer through con duc tion, the va por and wa ter dif fu sion mech a nisms play a very im por tant role in the pro cess.
There has been a grow ing in ter est in the mod el ing of heat and mass trans fer during bak ing and var i ous mod els have been de vel oped to an a lyze the multi-phase flow prob lem in side bread dur ing bak ing. This has been done with the aim of un der stand ing the pro cesses more thor oughly. Also the set ting up of math e mat i cal mod els of the bread bak ing pro cess is es sen tial to con trol and op ti mize this pro cess. There have been some works pub lished in this area. Some of them will be men tioned here.
A math e mat i cal model used to de scribe si mul ta neous heat and mass trans fer dur ing dry ing and bak ing was pro posed by Luikov [5, 6] . The con cepts of ir re vers ible ther mo dy nam ics and the con cept of mois ture trans fer po ten tial for wa ter move ment in a cap il lary po rous body are ap plied in the model. The model in cludes the cou pling co ef ficients which gives the com bined ef fects of tem per a ture and pres sure gra di ents on the trans fer of mois ture in side a po rous ma te rial. Pres sure gra di ents within the po rous body are usu ally very small and are ne glected. The Luikov's math e mat i cal model em ploys the fol low ing as sump tions: the solid body is rep re sented struc tur ally as a po rous slab with cap il lar ies; pres sure gra di ents within the po rous body are very small; ex ter nal re sis tance to heat and mass trans fer is neg li gi ble.
De Vries et al. [12] pre sented a math e mat i cal model of si mul ta neous heat and mass trans fer in dough and crumb (not in the bread crust) con sid er ing evap o ra tion -conden sa tion in the gas eous phase and con duc tion in the liq uid phase. This model is based on a phenomenological hy poth e sis, which stress the ef fect of air bub bles, con tained both in the dough and in the crumb, on heat and mass trans fer. An one-di men sional fi nite differ ence method has been used to in ves ti gate heat trans fer in the dough. Mass trans fer is only de ter mined by the evap o ra tion-con den sa tion mech a nism.
Zanoni et al. [13] thought that the model of De Vries et al. [12] could not be used for bread crust. So they mea sured the in ter nal tem per a ture and wa ter con tent with the time dur ing bread bak ing at the tem per a ture range of 150 to 300 °C us ing sam ples of differ ent ini tial po ros ity. Ex per i men tal data in di cated that the tem per a ture of the bread center as ymp tot i cally trends to 100 °C while its sur face tem per a ture trends to the oven temper a ture. Re sults showed also that there was no con stant dry ing rate pe riod. Based on these ex per i men tal data Zanoni et al. [13] de vel oped a phenomenological model of bread bak ing in a forced-con vec tion elec tric oven. The re sults showed that the mois ture and the tem per a ture vari a tions in bread dur ing bak ing are de ter mined by the for ma tion of an evap o ra tion front at 100 °C. This front moved in side the prod uct dur ing bak ing, form ing two zones, the crust and the crumb. The tem per a ture in the crust zone trends to the oven tem per a ture, while the tem per a ture of the crumb trends to 100 °C.
A math e mat i cal model based on the Crank-Nicolson fi nite dif fer ence scheme was de vel oped by Tong and Lund [10] for si mul ta neous heat and wa ter trans fer in baked dough prod ucts dur ing mi cro wave heat ing. The heat con duc tion and wa ter dif fu sion are con sid ered in one-di men sion in Car te sian co-or di nate sys tem. Dif fu sion to gether with evap o ra tion and con den sa tion has been as sumed to be the mass trans fer mech a nisms inside the dough.
Thorvaldson and Janestad [9] have de vel oped a model for si mul ta neous heat, wa ter, and va por dif fu sion in side foods dur ing heat pro cess ing. Their model was eval uated for a dry ing pro cess for bread crumb slabs. They have also mea sured lo cal wa ter con tent and tem per a ture in sev eral points in side the slab. They have proved that the sim ulated wa ter con tent lev els and tem per a tures con form well to the ex per i men tal val ues and show that the evap o ra tion and con den sa tion model de scribes well the dif fu sion mech anisms in a po rous food.
The aim of this pa per is to ob tain a non lin ear math e mat i cal model for pre dic tion of tem per a ture and mois ture con tent dur ing bak ing of bread. The the o ret i cal model de -vel oped by Luikov [5, 6] has been used as a ba sis of this study, but here with out the assump tion of con stant thermophysical prop er ties. It is well known that with out the assump tion of con stant prop er ties, the Luikov's model be comes non lin ear and ob tain ing an ex act so lu tion is not fea si ble. The as sump tion of con stant thermophysical prop er ties, how ever, may lead to er ro ne ous pre dic tion of tem per a ture and moister con tent. Also it has been es tab lished that the prop er ties such as ther mal con duc tiv ity and mass diffusivity are func tions of both mois ture con tent and tem per a ture. There fore, the ob jec tive of this work is to de velop a math e mat i cal model of the pro cesses dur ing bak ing bread and to include in the model the vari a tion of the dough prop er ties with both tem per a ture and moisture con tent. Also the aim of the pres ent study is to solve the model sys tem of non lin ear par tial dif fer en tial equa tions and to pres ent some nu mer i cal and ex per i men tal re sults for dis tri bu tion of tem per a ture and mois ture con tent within the bread dur ing its bak ing.
Mathematical formulation of the problem
Heat and mass-trans fer pro cesses in the bread dur ing its bak ing are stud ied in this pa per. Heat ing of bread dur ing bak ing is per formed by con vec tion, con duc tion and ra di a tion mech a nisms. The top sur face of the bread is heated mainly by ra di a tion and only a lit tle part of the heat is trans ferred by con vec tion (less than 10%) [5, 6, 9] . The bottom sur face of the bread may be heated by the same mech a nism or by con duc tion if the bread is put on a metal dish. Here the lat ter case is stud ied.
In this para graph a math e mat i cal model of the heat and mass trans fer in bak ing bread sam ple is pre sented. The model in cludes a cou ple par tial dif fer en tial equa tions and bound ary con di tions for the top and the bot tom sur faces of the sam ple. The thermophysical and mass pa ram e ters of the ma te rial are con sid ered to be func tions of tem per a ture and mois ture con tent.
Governing equations
A bread sam ple with di ame ter 200 mm and height 70 mm, placed on a metal dish in an oven, is con sid ered ( fig. 1) . The top sur face of the sam ple is ex posed to heat trans fer by ra di a tion and nat u ral con vection. The bot tom sur face of the sam ple is ex posed only to heat trans fer by con duc tion because it is placed on a metal dish. Since the di am e ter of the bread sam ple is big ger than its height, the model sample is as sumed as a slab and only one-di men sional heat and mass flow are mod eled.
The math e mat i cal model con sists of a cou ple par tial dif fer en tial equa tions for SHMT. The model is based on the as sump tion that the ma te rial is struc tured as a po rous slab. The first equa tion is de rived from the en ergy bal ance over a ref er ence el e ment in the prod uct, in clud ing a term for evap o ra tion of the wa ter. The sec ond equa tion for dif fu sion of the wa ter and of the va por is de rived from the Fick's law, in clud ing thermodiffusian mech a nism. The model equa tions are [1, [4] [5] [6] 12] :
The set of eqs. (1) and (2) is non lin ear since the dif fu sion co ef fi cients de pend on both the mois ture con tent and tem per a ture. The dimensionless form of eqs. (1) and (2), suit able for nu mer i cal sim u la tions, is the fol low ing:
where the dimensionless variables are as follow: Fo -Fourier number, Ko -Kosovitch number, Lu -Luikov number, and Pn -Posnov number. This sys tem de scribes the si mul ta neous heat and mass trans fer dur ing bread bak ing.
Boundary conditions
The sys tem of eqs. (3) and (4) has to be closed with bound ary and ini tial con ditions for tem per a ture and mois ture con tent.
The heat -trans fer re al ized by convectional and ra di a tion mech a nisms de fines the bound ary con di tion for the tem per a ture at the top sur face of the dough (X = 0). The mass trans fer with the air in the oven is also set in the bound ary con di tion for the mois ture con tent [4] [5] [6] .
For X = 0 and t > 0:
The bound ary con di tion for the tem per a ture at the bot tom sur face of the dough (X = 1) takes into con sid er ation that the dough is put on a metal dish, and its tem per a ture is mea sured. There is n't a mois ture ex change be tween the dough and the metal dish. So the bound ary con di tions are as fol lows.
For X = 1 and t > 0:
where T 1 (t) is a known function of time by the experimental data, and
The eqs. (5)- (8) are writ ten in nondimensional form as fol lows. For X = 0 and t > 0:
where Bi is Biot number, Bi m -Biot number for mass transfer, and Ki -Kirpitchov number = qL/lT 0 .
Since it is as sumed that ini tially the tem per a ture and the mois ture con tent are given con stant, the ini tial con di tions are at t = 0, T = T 0 ; u = u 0 .
Method of numerical solution
The re sult ing sys tem of non-lin ear par tial dif fer en tial equa tions ver sus time and one space di men sion is re duced to al ge braic sys tem by ap ply ing a fi nite dif fer ence method. A 4-point ap prox i ma tion was used for the nu mer i cal so lu tion, which ap prox imates the space de riv a tives with cen tral dif fer ences and the time de riv a tive with one side ap prox i ma tion "for ward" [8] . The space and time steps size are 7 mm and 5 s, re spec -tively. A change in the time step ±2 s gives a me dium de vi a tion in tem per a ture and moisture con tent of ap prox i mately 1.5%. Halv ing of the space step gives a de vi a tion 2%. This cor re sponds to an un cer tainly in the es ti mated ma te rial pa ram e ters in tab. 1 of ap prox imately 5-10%. The val ues of tem per a ture and mois ture con tent are cal cu lated in each node at given time. On the base of this scheme is de vel oped a nu mer i cal al go rithm given in fig. 2 . The source code was writ ten in Matlab.
Materials and equipment
In this part are con sid ered prep a ra tion of the sam ple, thermo-phys i cal prop er ties of the dough and con struc tion of the oven.
Sample preparation
A stan dard rec ipe for white bread [2, 3, 10] was used in the ex per i ment. The follow ing prod ucts were used for one loaf of bread: 640 g wheat flour, 380 g wa ter, 6.5 g yeast, and 9 g salt. The dough was kneaded by hand and was left to rise for 40 min. at the tem per a ture of 29-30 °C and kneaded again. Next the dough was al lowed to rise for 60 min. in 30-33 °C and then was put on a metal dish and then into the oven. The thick ness of the dough, mea sured 2 min utes af ter the be gin ning of the bak ing, was 70 mm and it did n't change dur ing the bak ing pro cess.
Thermophysical properties of the tested bread sample
The thermophysical and mass prop er ties of the dough for this study were taken from the suit able lit er a ture [2, 3] . The thermophysical and mass prop er ties of white wheat flour dough, which gra di ents are as in the sam ple us ing in this in ves ti ga tion were taken from the ex per i men tal data pub lished by Ginzburg [2, 3] . The dependences of thermophysical and mass prop er ties of the dough on tem per a ture and mois ture con tents are summarized in tab. 1. The sur face heat trans fer co ef fi cient a and the sur face mass trans fer co ef fi cient a m are cal cu lated by for mu las for free mov ing of flu ids.
Construction of the oven
The oven used in this study was with in fra red heat ers [7] . The power of the up per heater is 57% of the en tire power and the power of the bot tom heater -43%, re spec tively. The oven was con structed on the base of a con ven tional oven with out forced con vec tion. The bread sam ple was placed in the oven on a metal dish. The dis tance be tween the top sam ple sur face and the top heater was 70 mm. The dis tance be tween the metal dish and the bot tom heater was 70 mm, too (see fig. 1 ).
The tem per a ture of the air in the oven and the tem per a ture of the metal dish increased dur ing the bak ing. Both tem per a tures were mea sured with iron-con stan tan thermocouples. The tem per a ture was read on a dig i tal ther mom e ter (±0.1 °C). Ex per imen tal data for both tem per a tures given in fig. 3 were ap prox i mated with sec ond or der poly no mi als as fol lows:
Tem per a ture of the air:
Tem per a ture of the metal dish:
The tem per a ture of the up per heater was mea sured with the same tech nique. The heat flow was cal cu lated on the base of ex per i men tal data and the Stefan-Boltzmann low. The emissivities used in cal cu la tions are: for the heater 0.88 and for the sam ple 0.90 [9] , re spec tively. The ob tained re sults were ap prox i mated with a sec ond or der poly no mial, too: q = 583.8 + 22.61t + 0.106t 2 The ob tained ap prox i ma tions of the tem per a tures and the heat flow were used as bound ary con di tions in eqs. (5) and (7).
Temperature measurement
The bread sam ple tem per a tures dur ing bak ing were mea sured with iron-constan tan thermocouples. They were sit u ated on the top sur face, on the bot tom sur face, and in the sam ple from the top sur face on a dis tance as it fol lows: 7, 14, 21, 27, 35, 42, 49, 56, and 63 mm. The tem per a ture was read on a dig i tal ther mom e ter (± 0.1 °C).
Results and discussions
In this para graph are given ex per i men tal data, cal cu lated re sults and is made their com par i son. 
Numerical results
The pres ent math e mat i cal model, which in cor po rates vari ables mass and thermal diffusivities, gives nu mer i cal re sults for the tem per a ture and mois ture dis tri bu tion dur ing bak ing of the bread sam ple.
The ini tial pa ram e ters of the pro cess are as fol low. The tem per a ture of the air in the oven is 30 °C; the mois ture con tent of the air is 11%; the tem per a ture of the dough is 30 °C and its mois ture con tent is 40%. The thick ness of the dough is 70 mm and the du ration of the bak ing is 25 min utes.
The cal cu lated tem per a ture pro files of the dough in x-di rec tion for dif fer ent time val ues are shown in fig. 4 . When the bread sam ple is placed in the oven, the sur face temper a tures rise quickly as: the top sur face tem per a ture in creases from 30 to 173.4 °C (with 143.4 °C) and the bot tom sur face tem per a ture in creases from 30 to 136 °C (with 106 °C), re spec tively. The cal cu lated top sur face tem per a ture is higher than the bot tom sur face tem per a ture dur ing the whole pro cess of bak ing be cause the top sur face is heat ing by radi a tion and con vec tion mech a nisms and the bot tom sur face only by con duc tion mech anism. The tem per a ture gra di ent in the depth of the dough is dif fer ent. It is most con sid erable near the sur faces of the dough and it is neg li gi ble small in the mid dle of the dough. The tem per a ture gra di ent on the up per part of the bread is big ger than the one on the lower part dur ing the whole pro cess of bak ing. The tem per a ture pro files for x = 35 mm and x = 42 mm are prac ti cally iden ti cal ( fig.  4c) . The com par i son be tween the tem per a tures of the bread near the crumbs for x = 7 mm and x = 63 mm shows that the tem per a ture of the layer, sit u ated near the top sur face is 12-15 °C higher than the tem per a ture of the layer near the bot tom sur face at the time of the bak ing process, but at the end of the pro cess the dif fer ence reaches 25 °C.
The mois ture con tent profiles for the same sim u la tion are given in fig. 5 . They show the mois ture con tent pro files on the top sur face, x = 7 mm and x = 14 mm. It is well seen that the mois ture con tent on the top sur face de crease very fast in the first min utes of baking. Af ter that it in creases slightly. The mois ture con tent for x = 7 mm is change very slightly and it does n't change for x = 14 mm. The sim i lar infor ma tion for changes of mois ture con tent is de scribed in [10] .
Experimental data
Ex per i men tal tem per a ture pro files ver sus time on the top sur face, for x = 14 mm, 27 mm, 35 mm, and 49 mm, and the bot tom sur face are given in fig. 6 . The top sur face tem per a ture is higher than the bot tom sur face tem per a ture dur ing the whole bak ing process. The tem per a tures within the sam ple don't rise so quickly that those in the sur faces. The low est tem per a tures are mea sured in the cen ter of the sam ple. It is well seen that the sur faces tem per a ture pro files are drown as ir reg u lar curves and the tem per a ture pro files 
Comparison between calculated and measured temperatures
In fig. 7a the cal cu lated and the mea sured tem per a ture pro files for x = 0 mm (the top sur face) and x = 14 mm are given. The com par i son be tween both tem per a tures on the top sur face of the bread-dough shows that in the time pe riod from the be gin ning of the pro cess till the 20 th min ute, the cal cu lated tem per a ture is higher than the mea sured one and in the time pe riod from the 20 th to the 25 th min utes both tem per a tures are close each to other. The dif fer ence be tween them is the most sig nif i cant at the be gin ning of the pro cess -from the 1 st to the 9 th min utes and af ter that it de creases grad u ally. May be the cal culated tem per a ture is higher than mea sured tem per a ture in the be gin ning of the bak ing because the walls of the oven are cold and a part of the heat flow is used to heat them. The mea sured and cal cu lated tem per a tures in the depth 14 mm from the top sur face are consid er ably closer than those on the top sur face.
The cal cu lated and mea sured tem per a tures for x = 27 mm, and x = 35 mm are shown in fig. 7b . It is ap par ent that for x = 27 mm both tem per a tures are close for the time from t = 0 min. to 14 min. 
